Abstract. We state and prove some new Boas type inequalities using the concept of superquadratic and subquadratic functions. We apply this result to refine the strengthened inequalities of the Hardy type.
Introduction
R.P. Boas, in [5] (see e.g. [18, p. 229] ), proved that the inequality
holds for all continuous convex functions Φ : [0, ∞) → R, measurable non-negative functions f : R + → R, and non-decreasing bounded functions m : [0, ∞) → R, where M = m(∞) − m(0) > 0 and the inner integral on the left-hand side of (1.1) is the Lebesgue-Stieltjes integral with respect to m. In the case of a concave function Φ, (1.1) holds with the sign of inequality reversed. The relation (1.1) was named the Boas inequality. The special case of the Boas inequality is the well-known Hardy inequality. It was announced by G.H. Hardy in [9] and proved in [10] . Let p > 1 and f ∈ L p (R + ) be a non-negative function, then
holds. Inequality (1.2) was generalized in many different ways. In [11] this result is given: if p > 1, k = 1 , and the function F is defined on R + by
holds for all non-negative functions f , such that x
holds. About the history of Hardy's inequality see e.g. [14] .
The Boas inequality has already been generalized in many ways. Some recent results are given in papers [6] , [7] , [8] , and [19] . Independently, S. Kaijser et al. [12] established the so-called general Hardy-Knopp-type inequality for positive functions
where Φ is a real convex function on R + . Some new result involving general HardyKnopp-type inequality can be found in e.g. [13] .
Another generalization gave D.Luor [15] in a setting with σ -finite Borel measures μ and ν on a topological space X and a Borel probability measure on R + . He proved that the following inequality
holds for a λ -balanced Borel set E in X and measure μ t defined by μ t (D) = μ(t −1 D) for all Borel set D in X , t > 0, where φ is a non-negative convex function on an interval, μ t ν , t ∈ supp λ and H f is the Hardy-Littlewood average.
Our main tool in the proofs is to use the concept of superquadratic and subquadratic functions introduced by Abramovich et al. in [2] (see also [1] and [3] ).
We say that f is subquadratic if − f is superquadratic. 
holds for all probability measures μ and all non-negative μ−integrable functions f if and only if ϕ is superquadratic. Moreover, (1.6) holds in the reversed direction if and only if ϕ is subquadratic.
Proof. See [2] and [3] for the details.
for all x, y 0 . If the reverse inequality holds, then f is said to be subadditive.
Proof. See [2] for details. REMARK 1.1. According to Lemmas 1.1 and 1.2 it yield that if p 2 in Lemma
holds and the reversed inequality holds when 1 < p 2 (see also [1, Example 1, p.
1448]).
This paper is organized in the following way: after the Introduction, in Section 2 we proved the Boas-type inequality in a setting with general weighted topological spaces and σ -finite measures using the concept of superquadratic and subquadratic functions. We apply this result to refine the strengthened inequalities of the Hardy type.
Notations and Conventions. Throughout this paper, all measures are assumed to be positive, all functions are assumed to be measurable on their respective domains and expressions of the form 0 · ∞, 0 0 , a ∞ (a ∈ R) and ∞ ∞ are taken to be equal to zero. As usual, by dx and dx we denote the Lebesgue measure on R and R n (n ∈ N, n 2) respectively, while by a weight function we mean a non-negative measurable function on the actual set. An interval in R is any convex subset of R, while Int I denotes the interior of an interval I ⊆ R.
The main results with applications
Let λ be a finite Borel measure on R + . By supp λ we denote its support, that is, the set of all t ∈ R + such that λ (N t ) > 0 holds for all open neighbourhoods N t of t . Hence,
On the other hand, let X be a topological space equipped with a continuous scalar multiplication (a, x) → ax ∈ X , for a ∈ R + , x ∈ X , such that
Further, let Borel set Ω ⊆ X be λ -balanced, that is, tΩ = {tx : x ∈ Ω} ⊆ Ω, for all t ∈ supp λ . For a Borel measurable function f : Ω → R, we define its Hardy-Littlewood average A f , as 
Suppose that I = (0, c), c ∞ and let f : Ω → R be Borel measurable function such that f (x) ∈ I for all x ∈ Ω. If ϕ : I → R is a non-negative superquadratic function and A f is defined by (2.2), then the inequality
holds.
Proof. For a fixed x ∈ Ω, we define h x : R + → R as h x (t) = f (tx) − A f (x). Then (2.2) and (2.1) imply
Now, let us prove that A f (x) ∈ I for all x ∈ Ω. Since Ω is λ -balanced and f (Ω) ⊆ I , it follows that f (tx) ∈ I for all t ∈ supp λ and every x ∈ Ω. Suppose that there exists
for all t ∈ supp λ , so the function h x 0 is either strictly positive or strictly negative on R + . Since this contradicts (2.6), we proved that A f (x) ∈ I for all x ∈ Ω.
Finally, we prove (2.5). By applying the refined Jensen inequality to the first term on the left hand side of inequality (2.5) we obtain
The inequality (2.7) can be written as
By applying the Fubini theorem to the right hand side of inequality (2.8), than the substitution y = tx , the fact that Ω is λ -balanced set, ϕ is a non-negative function and the Radon-Nikodym theorem, we obtain
This completes the proof. If ϕ is a superquadratic function on an interval I , then the inequality (2.5) holds for all Borel measurable functions f : Ω → R, such that f (x) ∈ I for all x ∈ Ω, where A f is defined by (2.2).
If ϕ is a subquadratic function, then the inequality sign in (2.5) is reversed, that is
Proof. By analyzing (2.9), we see that if tΩ = Ω, for all t ∈ supp λ , then
and (2.5) holds for all superquadratic functions ϕ : I → R, that is, ϕ does not need to be non-negative. By making the same calculations with ϕ subquadratic function, we see that the inequality sign in (2.5) is reversed, that is (2.10) holds.
REMARK 2.1. Notice, that in case Ω = R + (2.5) and (2.10) hold for all superquadratic and all subquadratic functions, respectively. Now we consider a particular superquadratic function in (2.5), namely ϕ(x) = x p which is superquadratic for p 2 and subquadratic for 1 < p 2 . We obtain the following result. COROLLARY 2.1. Let the assumptions in Theorem 2.1 be satisfied.
If tΩ = Ω, for all t ∈ supp λ and 1 < p 2 , then (2.11) holds in the reversed direction and for p = 2 we obtain the following very general identity 
holds for Borel measurable functions f : 
where function v is defined by (2.4) with the weight function x → u(x) x instead of u . REMARK 2.2. If we apply Corollary 2.2 with Ω = R + and u(x) ≡ 1, then w(x) ≡ L and the following inequality holds:
(2.14)
In particular, for ϕ(x) = x p , we obtain the following (in)equalities.
15)
(ii) If 1 < p 2 , then (2.15) holds in the reversed direction.
(iii) If p = 2 , then the following identity holds
If 1 < p 2 , then (2.17) holds in the reversed direction. Now, let β > 0 and
